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Abstract. Let G be a Lie group endowed with a bi-invariant pseudo-Riemannian 
metric. Then the moduh space of fiat connections on a principal G-bundle, 
P — > S, over a compact oriented surface, S, carries a Poisson structure. If 
we trivialize P over a finite number of points on 9S then the moduli space 
carries a quasi-Poisson structure instead. Our first result is to describe this 
quasi-Poisson structure in terms of an intersection form on the fundamental 
groupoid of the surface, generalizing results of Massuyeau and Turaev [19II27| . 
Our second result is to extend this framework to quilted surfaces, i.e. sur- 
C faces where the structure group varies from region to region and a reduction 

, ^ (or relation) of structure occurs along the borders of the regions, extending 

^ results of the second author l25l l23l |24| . 

We describe the Poisson structure on the moduli space for a quilted surface 
in terms of an operation on spin networks, i.e. graphs immersed in the surface 
which are endowed with some additional data on their edges and vertices. This 

' ^tr^ ' extends the results of various authors 1131 1121 1221 14] . 
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1. Introduction 

If G is a Lie group whose Lie algebra q carries an invariant metric, and S is a 
closed oriented surface, the corresponding moduli space of flat connections 

Honi(7ri(E), G)/G 

on principal G-bundles P — > E carries a symplectic form 5 ; more generally, if E 
has a boundary, then the moduli space carries a Poisson structure. 

If E is connected, and one marks a point on one of the boundary components 




and trivializes the principal bundle over that point, the moduli space 

Hom(7ri(E),G) 

becomes quasi-Poisson [3l |2j [1]. In a recent paper [19], Massuyeau and Turaev 
described this quasi-Poisson structure in terms of an intersection form on the loop 
algebra Z7ri(E), extending a result of Goldman [TH |T3]- The first result of our 
paper is to generalize their result to the case where E has multiple marked points 
(possibly on the same boundary component): 




These surfaces allow for more economical description of the moduli spaces — in 
particular, we show how to obtain them from a collection of discs with two marked 
points each via multiple fusion. 

Blowing up at each of the marked points, we obtain a surface which we call a 
domain: 




We refer to the preimage of any marked point as a domain wall (these are the 
thickened segments of the boundary in the image above). Our second result is the 
following: Suppose one chooses a reduction of structure separately for each domain 
wall w, i.e. 

• a subgroup C G, and 

• a subbundle — >■ w of P\^ — > w on which acts transitively. 

If the Lie algebras Iw ^ fl corresponding to C G each satisfy — Iw, then 
the moduli space of flat connections on P which are compatible with the reduced 
bundles Qw — >■ w is Poisson (this result can be generalized to the case of C [w)- 
We may think of this as 'coloring' each domain wall with a reduced structure group 
Lw ^ G, as pictured below: 
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In this way we obtain, in particular, the Poisson structures inverting the symplectic 
forms carried by the moduh spaces of colored surfaces, introduced in [2S] (see also 



Suppose now that G' is a second Lie group whose Lie algebra g' carries an 
invariant metric, and P' — > E' is a principal G'-bundle over a domain S'. Once 
again, we choose a reduction of structure for the bundle P|w' w' over each 
domain wall w' on E', i.e. a subgroup L^i C G' . If we simultaneously consider 
flat connections on P and P' which are compatible with the reduced structure on 
each domain wall, then (as before) the moduli space is Poisson. We picture this as 
follows: 



However, one might instead wish to choose a common reduction of structure for two 
domain walls, w and w' (on E and E', resp.). More precisely, to sew the domain 
walls w and w' together is to choose an identification : w — > w', together with 

• a subgroup C G x G", and 

• a subbundle w of P|w X0 -P'|w' on which acts transitively, 
such that the Lie algebra C g © g' corresponding to satisfies — \ (where g' 
denotes the Lie algebra g' with the metric negated). Quilted surfaces are surfaces 
formed by sewing domains together along domain walls, and by choosing a reduction 
of structure on any of the remaining (unsewn) domain walls, as was previously 
described. 



Such surfaces have played a role in recent developments in both Chern-Simons 
theory [151 HSl E] and Floer theory [291 EH] ■ Our second main result is to show 
that the moduli space of flat connections, A^s,„i„, on a quilted surface is Poisson. 

We provide a description of this Poisson structure in terms of spin networks 
dUil, as in mHIIlIIl]. More precisely, we identify functions / € G°°(Xs,„,„) 
on the moduli space of flat connections over a quilted surface with spin networks 
in the quilted surface. Such a spin network [F, *] consists of an immersed graph 



mm)- 
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together with some decoratioi|j of the edges and vertices of the graph, which (in 
the introduction) we will denote abstractly by *. The Poisson bracket of two spin 
networks [F, *] and [F',*'] is computed as a sum over their intersection points 

peFxs,„„F', 

{[r,*],[F',*']}= ^ ±[FU,F',*"], 

where F Up F' denotes the union of the two graphs with a common vertex added at 
the intersection point p. This formula generalizes the one found in [22] • 

The basic technical tool we use is a new type of reduction of quasi-Poisson G- 
manifolds by subgroups of G. 

In this paper we study the moduli spaces from the (quasi-)Poisson point of view. 
The approach via (quasi-)symplectic 2-forms and a unifying picture using Courant 
algebroids will be appear in a future paper. 

1.1. Acknowledgements. The authors would like to thank Eckhard Meinrenken, 
Alan Weinstein, Marco Gualtieri, Anton Alekseev, Alejandro Cabrera and Dror 
Bar-Natan for helpful discussions, explanations, and advice. 

2. QUASI-POISSON MANIFOLDS 

In this section we recall the basic definitions from the theory of quasi-Poisson 
manifolds, as introduced by Alekseev, Kosmann-Schwarzbach, and Meinrenken [21 

OP- 

Let G be a Lie group with Lie algebra g and with a chosen Ad-invariant sym- 
metric quadratic tensor, s £ S^Q. Let (p G be the Ad-invariant element defined 

by 

(1) (/)(a,/3,7) = ^a([s«/3,s«7]) (a,/3,7G0*), 

where : 0* — is given by P{s^a) = s{a, (3). 

Suppose p : G X M — )■ M is an action of G on a manifold M . Abusing nota- 
tion slightly, we denote the corresponding Lie algebra action p : g — > F(TM), by 
the same symbol. We extend p to a Gerstenhaber algebra morphism p : A ~^ 

F(ArM). 

Definition 1. A quasi-Poisson G-manifold is a triple (M, p, tt), where M is a 
manifold, p an action of G on M, and n G F(A TAI) a G-invariant bivector field, 
satisfying 

-[7r,7r] = 

This definition depends on the choice of s. If Gi, G2 are Lie groups with chosen 
elements Si € S'^Qi {i = 1, 2), we set s = si + S2 G 5*^(01 ® 02), so that we can 
speak about quasi-Poisson Gi x G2-manifolds. In particular, if {Mi, pi,TTi) is a 
quasi-Poisson Gi-manifold (i — 1,2) then 

(Afi,pi,7ri) X (Af2,P2,7r2) = (Mi x M2,pi x p2,7ri + ^2) 

is a quasi-Poisson Gi x G2-manifold. 

Example 1. G is a quasi-Poisson G x G-manifold, with the action p{gi,g2) ■ 9 = 
gigg2 a-ud with tt = 0. 



Note, when our structure groups are compact, the graph is decorated with a representation 
on each edge, and each vertex is decorated with an intertwinor of the representations on the 
surrounding edges, as in 1221 . 
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Remark 1. Since s appears twice in Eq. ([T]), it follows that any quasi-Poisson 
(G, s)-manifold is also a quasi-Poisson (G, — s)-manifold. Likewise, any quasi- 
Poisson (Gi X G2,Si © S2)-nianifold is also a quasi-Poisson (Gi x G2,Si © — S2)- 
manifold. 

Let V' S A^(0 ® 0) be given by 
where s = X^i j ® some basis Ci of g. 

Definition 2. // (Af , p, tt) is a quasi-Poisson G x G x H -manifold then its fusion 
is the quasi-Poisson G x H-manifold {M, p* ,tt*), where p*{g,h) = p{g,g,h) and 

TT* — TT ~ p{tp). 

Fusion is associative (but not commutative): if M is a quasi-Poisson GxGxGx 
i?-manifold then the two G x i7-quasi-Poisson structures obtained by the double 
fusion coincide. If AI is a quasi-Poisson G" x i7-manifold then its (multiple) fusion 
to a quasi-Poisson G x i7-manifold is given by 

(2) TT* ^^-Y,P{i'^.j), 

where G i^{n x q) is the image of ip under the inclusion © g — ^ n x g sending 
the two g's to i'th and j'th place respectively. 

3. Reduction and moment maps 

A Lie subgroup G C G will be called reducing if its Lie algebra c C g satisfies 

0(a,/3,7)=O Va, /3, 7 e ann(c) 

where ann(c) C g* is the annihilator of c. Equivalently, 

[s*a, s*/3] e c Va,,3 e ann(c). 

In particular, if G C G is coisotropic, i.e. if s''(ann(c)) C c, then G is reducing. 

Theorem l.A. Suppose that (M, p, tt) is a quasi-Poisson G-manifold and that 
G Q G is a reducing subgroup. Then 

(3) {f,g}:^TT{df,dg), f,geG°°{Mf 

is a Poisson bracket on the space of G -invariant functions. In particular, if the 
G -orbits of AI form a regular foliatioi^ then the bivector field tt descends to define 
a Poisson structure on AI/G . 

Proof. The proof is essentially the same as that of [TJ Theorem 4.2.2] , but we include 
it for completeness. 

First, we observe that {/,<?} € G°°(M)'^, since /, 5 and tt are each G-invariant. 
To see that the bracket ([s]) satisfies the Jacobi identity, notice that 

{/l, {/2, /s}} + C.p. = 7r](d/i, d/2, d/3) = pmdf,,df2, d/3), 

for any fi e G°°{AI)'~' (i — 1,2,3). Now p*dfi £ ann(c) and G is reducing, hence 

pmdfi,df2,dfs)^o. □ 

For ^ S g let and denote the corresponding left and right invariant vector 
field on G. 

^i.e. the orbit space, M/C, is a manifold, and the projection M —>■ M/C is a surjective 
submersion 
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Definition 3. Let (M, p, tt) be a quasi-Poisson G-manifold and let t : G ^ G be 
an s -preserving automorphism. A map p, : M ^ G is a (r- twisted) moment map 
if it is equivariant for the action g ■ g = T{g) g g^^ of G on G, and if the image of 
TT under 

p^®id: TM (g) TM TG (E) TM 

is 

-^s'^(ef +r(eO^)®p(e,). 

We shall use moment maps to get Poisson submanifolds of M/G, in analogy 
with Marsden-Weinstein reduction (under certain non-degeneracy conditions these 
submanifolds will be the symplectic leaves of M/G). First we need an analogue of 
coadjoint orbits. 

Lemma 1. If G ^ G is a reducing subgroup then 

c {(^ + s'a, ^ — s'a); ^ G c, a G ann(c)} 
is a Lie subalgebra of q® Q. 
Proof. Let ^,77 G c, a,/3 G ann(c). Since 

± s*a, 77 ± s*/3] = (K, rf\ + [s«a, s«/3]) ± s«(adJ/3 - ad^a) 
and [s'a, s^(3] G c, the space c is closed under the Lie bracket. □ 

Let C C G X G be a Lie group with the Lie algebra c. The group G x G acts on 
Gby 

(4) (51,32) • 5 = t(5i).9.9^^- 

The orbits of G C G x G on G will serve as analogues of coadjoint orbits. 

Theorem l.B. Let (Af, p, tt) be a quasi-Poisson G-manifold with a moment map 
fj, : M ^ G and G ^G a reducing subgroup. Suppose that the C -orbits of AI form 
a regular foliation. Let O C G be a C -orbit. If the graph of (i intersects O cleanl'!^ 
then 

fi-\0)/G C M/G 

is a Poisson submanifold. More generally, if K ^ G is a G -stable submanifold 
and the graph of jj, intersects K cleanly, then ijl~^{K)/G C M/G is a Poisson 
submanifold. 

Proof. First of all notice that p,''^{K) C M is stable under the action of G C G. 
For any / G G°° (M) the moment map condition gives 

(5) ^,M■,df))=-\{{s^p*df)'^ + T[s^p*df)^). 

If / is G-invariant then a := p*df belongs to ann(c). The vector ^ is thus the 
action of ^(s'a, —s^a) G c on G. In particular, 7r(-, df ) is tangent to p,~^{K). This 
implies that p^^{K)/G C M/G is a Poisson submanifold. □ 

The space p~^{0)/G can be conveniently described in the following way. Let M 
be the G-manifold obtained from M by induction from G to G (using the diagonal 
embedding G C G). Concretely, 

(6) M ^{C xM)/G 

•^That is, gr(/i) n O C G X Af is a submanifold, and T(gr{n) 0) = Tgr{/i) n TO, where 
gr(/^) = {{fi{x),x); X £ M}. It happens, in particular, if /i is transverse to O. 
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where the C-action on C x M is c • (c, m) — (cc~^,c ■ to). The moment map 
fi : M ^ G induces a C-equivariant map 

pL : M ^ G, fi{c, to) — c ■ fi(m). 

Let now O = C ■ go for some go e G. Since ^^^{0)/C = fi^^{0)/C, we have 

(7) n-\0)/C^(i-\go)/Siah{go) 

where 

Stab(5o) = {c G (7; c • go = .9o} Q C. 

Partial reduction. One can generahze both Theorem |1.A| and Theorem |1.B| in 
order to reduce quasi-Poisson G x iJ-manifolds to quasi-Poisson iJ-manifolds: 

Theorem l.C. Suppose that (M, p, tt) is a quasi-Poisson G x H -manifold, C C G 
is a reducing subgroup, and the C -orbits of M form a regular foliation. 

(1) The bivector field tt descends to define a quasi-Poisson H-structure on 
M/C. 

(2) Let tq and th be automorphisms of G and H, and let 

be a {tq, Th) -twisted moment map. If K C G is a G -stable submanifold and 
the graph of intersects K cleanly, then (Iq {K)/C C M/C is a quasi- 
Poisson H -submanifold, and fi^ descends to define a -twisted moment 
map. 

Proof. The proof of the first statement is only superficially different from that of 
Theorem II. Al and so we omit it. 

Likewise, we omit the proof that ^q^{K)/C C M/G is a quasi-Poisson H- 
submanifold, as it differs only superficially from that of Theorem |f.B[ 

Finally, since : ^q}{K) — > iJ is G x i7-equi variant, it descends to a map on 
fi'^^{K)/G. The image of tt under (fin)* (E) id : TM (g) TM -^TH® TM is 

-^4(ef +T(e,)'') ®p(e,), 

where sh G S^{\))^ denotes the chosen invariant symmetric tensor, and hence this 
also holds for the reduced bivector field on both M/C and \i^{K)IG, proving that 
[In descends to define a moment map. □ 

4. QUASI-POISSON STRUCTURES ON MODULI SPACES 

Let E be a compact oriented surface with boundary, and let Y C be a 
finite collection of marked points such that every component of S intersects V . 
Let ni(E,y) denote the fundamental groupoid of E with the base set V. The 
composition in ni(E,F) is from right to left: ab means path b followed by path 
a. For a G ni(E,y) let out(a) denote the source and in(a) the target of a; ab is 
defined if in(6) = out (a). 

Let 

ME^y(G) =Hom(ni(E,F),G). 

M^y(G) can be seen as the moduli space of flat connections on principal G-bundles 
over E which are trivialized over V . 
For any arrow a E ni(E, V) let 



ho\a : Ms,y(G) ^ G 
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denote evaluation at a (in terms of fiat connections it is tlie holonomy along a). 
There is a natural action p = y of the group on Ms y(G) which is defined 

by 

(8) hola(p(g)x) = ho\aix)g-J^^f^^y 

Infinitesimally, 

for any ^ € fl^, where ^^/^ denotes the left/right invariant vector field on G 
corresponding to ^ £ q. 

By a skeleton of (S, V) we mean a graph F C S with the vertex set V, such that 
there is a deformation retraction of S to Pj^ If we choose an orientation of every 
edge of r then M^y{G) gets identified (via (hola,a S Er)) with G^^ , where Er is 
the set of edges of F. In particular, if S is a disc and V has two elements then we 
get Me,v(G) = G. 

The boundary of E is split by V to arcs (the components of dT, that don't 
contain a marked poini[^ are not considered to be arcs). If we choose an ordered 
pair (P, Q) of marked points [P ^ Q £ V) then the corresponding fused surface 
E* is obtained by gluing a short piece of the arc starting at P with a short piece 
of the arc ending at Q (so that P and Q get identified). The subset V* C 9S* is 
obtained from V by identifying P and Q. Notice that the map 

Ms,y,{G) -> Ms^y(G), 

coming from the map (T,,V) {Y,,V*), is a diffeomorphism: if E retracts to a 
skeletal graph T then E* retracts to its image F* , and the two graphs have the same 
number of edges. We can thus identify the manifolds M^*y{G) and Afs,y(G). 



AC A* C* 




B D B* D* 

E E* 



Figure 1. Fusion 

Every (E, V) can be obtained by fusion from a collection of discs, each with two 
marked points: If F C E is a skeleton then the subset of E that retracts onto an 
edge e € Er is a disc D^, and E is obtained from De's by repeated fusion. 

Theorem 2. There is a natural bivector field n^y on Ms.y(G) such that 

(Ms,y(G),pE,V,7I's,\/) 

is a quasi-Poisson manifold, uniquely determined by the properties 

(1) (f E is a disc and V has two elements then tt^.v — 

(2) if (E, V) = (El, Vi) U (E2, V2) then n^y = + ^s.,y. 

(3) i/(E*,y*) is obtained from {T,,V) by fusion, </ien (Ms*,y(G),ps*,y*,7rx;*,y) 
is obtained from {M^y{G),p^y,Tr^y) by the corresponding fusion. 

If there is no danger of confusion, we shall denote n^y simply by tt. 



It is a simple exercise to show that there exists a skeleton for every marked surface. However, 
it should be emphasized that this skeleton is not unique! 
^that is, an element of V 
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Figure 2. A surface with a skeleton, fused from four discs. The 
discs have been assigned colors in the picture, but this figure should 
not be confused with a quilted surface. 



Remark 2. Alejandro Cabrera has independantly studied quasi-Hamiltonian - 
structures for the marked surfaces described above. 

Once we choose a skeleton F of Theorem [2] gives us a formula for the 

quasi-Poisson structure on My^y, as (S, V) is a fusion of a collection of discs with 
two marked points. Let us denote the resulting bivector field on A/s.y(G) by 7rr. 
Theorem [2] follows from the following Lemma: 

Lemma 2. The bivector field vrr on Ms.v'(G) is independent of the choice o/F. 

Remark 3. The lemma follows from the special case where (S, V) is a disc with 3 
marked points (see Example [s] below) . However, we shall give a different proof in 
the next section. 

Proof of Theorem^ By the lemma we have a well-defined quasi-Poisson structure 
on AI-s.v{G). Properties (1)"(3) of the theorem are satisfied by the construction of 
TTr. □ 

Let us now describe the calculation of tt = TTp in more detail. Notice that for 
any vertex v of F, the (half)edges adjacent to v are linearly ordered: a cyclic order 
is given by the orientation of S. Since v is on the boundary, the cyclic order is 
actually a linear order. F is a ciliated graph in the terminology of Fock and Rosly 

m- 

We choose an orientation of every edge of F to get an identification A/s,y(G) = 
G^^ . First we see it as a G^^ x G^"" -quasi-Poisson space with zero bivector (i.e. as 
My,'.v'{G), where (S', V) is a disjoint union of discs with two marked points each). 
Then, fusing at each vertex using the linear order, we obtain a G^-quasi-Poisson 
space. 

Example 2. As the simplest example, suppose (S, V) is an annulus with a single 
marked point (on one of the boundary circles). Then (E, V) may be obtained by 
fusion from a disc {T,',V') with two marked points, as in Fig. |3] Now M-^iyi — G 
with the the quasi-Poisson G x G-structure described in Example [T] the bivector 
field is trivial and G x G acts by (ffi, 32) • 9 = 91992 ^- Thus M^.y = G, the G-action 
is by conjugation, and 

7r= -s'^efAef. 
2 ' ^ 
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P Q 




Figure 3. The annulus with one marked point is obtained by 
fusion from the disc with two marked points. 

Example 3. Let S be a triangle and V is the set of its vertices. 




a 

We can identify M^y with via (hol„-i , holf,), i.e. F is the graph with the oriented 
edges a~^, b. In this case 

(9) 7T^~^-s^^ef{l)Aef{2) 

(where ef (fc) denotes the left-invariant vector field which is tangent to the A:"' factor 
of (yfc = 1, 2)). Equivalently, 

7r(hol*-i 9^,ho\l 9^) = -s e g<» g, 

where 0^ G fl^{G,g) is the left-invariant Maurer-Cartan form. An easy calculation 
shows 

confirming that tt is independent of the choice of F. 

For a general surface (S, V) with a choice of a skeleton F, we get an identification 
Ms,y = ^ Applying ^ we obtain 

(10) TTs.y = ^^s'U^{a,v) hej{h,v) 

v£V a<b 

where a, b run over the (half)edges adjacent to v, 

J (a) a goes into v 
ei(a, V) — < J 

I — (a) a goes out of v 

and for a e i?r, ef'^(a) denotes the right/lcft-invariant vector field on G^^ equal 
to 

a 

(0,...,0,'^,0,...,0)efl^^ 

at the identity element. Essentially the same formula was discovered by Fock and 
Rosly [TT], for Poisson structures on M^y obtained by a choice of a classical r- 
matrix. Meanwhile, Skovborg studied the corresponding formula in the absence of 
an r-matrix for invariant functions |26| . 
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5. The homotopy intersection form and quasi-Poisson structures 

Massuyeau and Turaev [19] made a beautiful observation that, in the case of 
one marked point and G = GL^, the quasi-Poisson structure on Afj] y(G) can 
be expressed in terms of the homotopy intersection form on 7ri(I]), introduced by 
Turaev in [57]. Here we extend their result to the case of arbitrary (G, s) and 
arbitrary V . 

Let us first extend (a skew-symmetrized version of) Turaev's homotopy intersec- 
tion form to fundamental groupoids. If a,b £ Ili{T,,V), let us represent them by 
transverse smooth paths a,f3. For any point A in their intersection, let 



as m 



sign(yl) :— sign(a, /3; A) = 
Fig.|4} 



1 if A e as 

2 otherwise 

1 if (a'|yi,/3'|^) is positively oriented 
— 1 otherwise. 





a 13 /3 a 

Figure 4. sign(^) = ±1 is determined by comparing the orien- 
tation of a and /? with that of E. 

Let aA denote the portion of a parametrized from the beginning up to the point 
A. Finally, let 

(11) {a,b) :=^A(A)sign(A)[a^i/3^] eZni(S,l^). 

A 

As in [37] one can check that (a, b) is well defined, i.e. independent of the choice of 
a and /3. 

Let us list the properties of (a, 6). For x G Zni(I],t/), x — ^n^ai, let x = 
Proposition 1. The map 

(•, •) : ni(s, V) X ni(s, V) zni(E, v) 

satisfies 

(1) (a, &) is a linear combination of paths from the source of b to the source of 



(2) (6,a) = -(a,6) 

(3) {a,bc) = {a,c) + {a,b)c 
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(4) if(Y,*,V*) is obtained from (S, V^) by the fusion of P,Q G V and a* /b* 
denotes the image ofa/b in ni(S*, V"*), then 

(a*, 6*) = (a, 6)* - {6in{a},pa^^ ^out{a},p'^P*)iSin{b),Q b ~ Sout(b),Q'^P') + 

+ {^in{a),Q ^^"^ - Sout{a),Q^P'){^in{b),P b - 5out{b),P^P') ■ 

It is the only natural map with these properties. 

Proof. These properties are readily verified. Uniqueness can be seen by representing 
(E, V) as a fusion of a collection of discs, each with two marked points. □ 

For a,b E ni(E, V) let us consider the g (E) g- valued function on M^y, 

^(hoi: (?^,hoi: 0^). 

These functions, in turn, specify tt completely. 

We can now state our version of the result of Massuyeau and Turaev [19] . 

Theorem 3. For any Va, b £ ni(I], V) we have 

(12) ^(hoi:0^,hol^0^) = i(Adhoi,„,,, ® l)s. 

Remark 4. Essentially the same formula was discovered independently by Xin Nie 

m- 

Proof of Theorem^ and of Lemma^ To prove both Theorem|3]and Lemma[2](and 
thus finish the proof of Theorem [2]) we need to check that 

(13) ^r(hoi:0^,hol*0^) = i(Adhoi(„,„0l)s (Va, 5 e ni(S, y)) 

for any skeleton F of (E, V). 

Notice (via hol^^ 9^ = hoi* 9^ + Ad^ioi^j-i hol^ 9^) that 

^^(hol:0^ho40^) = 7rr(hoi:0^,hoi: 0^) + (1 ® Ad(hou)-O^r(lioi:0^,hol* ^^). 

As a result, if ( jlS] ) is true for all a, 6 in a set of generators of ni(E, V), it is then 
true (by Proposition [T] Part |3| for all elements of Ili{T,,V). 

Equation (131 is true if (S, V) is a disc with two marked points, as both sides of 
the equation vanish. The same is true for the disjoint union of a collection of such 
discs. As any (S, V, F) can be obtained from such a collection by a repeated fusion, 
it remains to check that ( 13 1 is preserved under fusion. 

Suppose that (13) is satisfied for some (S,y) and its skeleton F. Fet (E*,y*) 
be a fusion of (S, V) and let F* be the image of F in E*. Then TTp* is obtained from 
TTr by the corresponding quasi-Poisson fusion. By Proposition [T] Part |4] we then get 



7^^.(hol:0^hol: e^) = ^^(Adho. <E> 1) 



s. 



In other words, (13) is satisfied also for (S*,T/*,F*) for the elements of UiCS* ,V*) 
in the image of Ili{T,,V). As the image generates HiCE* ,V*), we conclude that 
^ is satisfied for (S* , F * , F* ) . □ 

Remark 5. Theorem [3] can be used as an alternative definition of tt. Properties 
1-3 of the homotopy intersection form (cf. Proposition [T]) mean that there is a 
unique G^-invariant bivector field tt satisfying (12). Property 4 means that tt is 
compatible with fusion. 

If / : (S', y') — > (S, V) is an embedding then clearly 

{f.a,f,b) = f,{a,b) (Va,feeni(E,F)). 

From Theorem [3] we thus get the following result. 
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Corollary 1. // / : {Y,',V') — > (S, V^) is an embedding then 

r ■.M^y(G)^M^,y,{G) 

is a quasi-Poisson map, i.e. /* tts.v = ""S'.v- 

Let us now consider the special case S' = Y., V' C V. Recall that if (M, p, tt) 
is a G X iJ-quasi-Poisson manifold and if M/G is a manifold (e.g. if the action of 
G is free and proper) then tt descends to a bivector field tt' on M /G such that 
p*TT = tt' , where p : M — M/G is the projection, and that M/G thus becomes 
a if- quasi-Poisson manifold, called the quasi-Poisson reduction of M by G. Using 
this terminology, Corollary [l] becomes 

Corollary 2. IfV'cV then M^ V'{G) is the quasi-Poisson reduction of M^, y(G) 
byG''\^'. 

Finally, again following Massuyeau and Turaev [191, we can define a moment 
map for the quasi-Poisson G^-manifold Ms.y(G). Let us orient 9E against the 
orientation induced from E. If we walk along 9S using this orientation, we get a 
permutation a : V V. Let t : G^ — >■ G^ be the automorphism 

so that the r-twisted action of G^ x G^ on G^ is 

(14) ((3l,ff2) -g)^ = {gi)a(v) 9v {92)y^ 

(cf. Eq. 0). For every i; e F let ^„ : Ms,y(G) ^ G be 

/i„ = hola„ 

where is the boundary arc from v to a{v). Let us combine the maps to a 
single map ^ : Ms^y(G) G^. 

Theorem 4. T/ie map /i : Af^ ^/(G) — > G^ is a t -twisted moment map. 

Proof. The equivariance of /i is obvious, li v £ V and 6 € ni(S],F) then by the 
definition of [a^ , b) we have 

(a„, 6) = — (5out(6),i. It) — ^o\it(b).,<T(v) + <5in(b),i, + ^in(fc),cr(V) O^"^^- 

Theorem [3] then implies that ^ is a moment map, as the 1-forms hol^ 6^ span the 
cotangent bundle of Ms^y(G). □ 

Remark 6. An alternative way of proving Theorem |4] is to verify it for the case of 
a disc with two marked points on the boundary, and then to use fusion. 

6. Surfaces with boundary data 

For every point w e let us choose a coisotropic subgroup G„ C Gj^ Let 
C = ritiGV^f — G^ ■ Suppose the G-orbits in M^y{G) form a regular fohation, 
and consider the orbit space 

Mj:y{G, (G,),ey) := Ms,y(G)/G. 

Geometrically, Mj] y(G, (Gt,)t,gy) is the moduli space of flat connections on prin- 
cipal G-bundles P — > S with a reduction to Gy ov er v for every v ^V. 

Since G C G^ is coisotropic, by Theorem 
is Poisson. More generally, \iV' QV then T : 



LA 



we know that MY.y{G, (G„)t,gy) 



leorcm 



l.C implies that 



M^y{G)/ W G„ 



^If G is scmisimple then any parabolic subgroup is coisotropic; if G is simple then these are 
all the coisotropic subgroups 
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is a quasi-Poisson G^~^^ -manifold. 

Example 4. Let E be a triangle and V the set of its vertices. Suppose that 
s e S^2 is non- degenerate, and that (g, a, b) is a Manin triple. Let A, B C G he 
the corresponding subgroups, and let us suppose that An B = {1} and AB = G. 

Let us choose the subgroup, C„, at two of the vertices to be A and the remaining 
vertex to be i3, as in the picture below 



A 




A gi B 



Now the holonomies 51,52 G G along the edges pictured above identify MY,y{G) 
with G X G, where the bivector field was described in Eq. ([9|. The diffeomorphism 

((a, b) ab) : Ax B ^ G 

identifies Afs,y with Ax B x Ax B, and the action of G = AxBxA on MY..y{G) 
becomes 

{a,b,a') ■ (ai, 61, a2, 62) = (aai, a'a2, 62^^^)- 

Thus the map (01,61,02,62) — >■ 616^^ identifies M^y{G)/G with the Lie group B. 

A comparison shows that the Poisson structure on Mj:y(G)/C = B is the 
Poisson-Lie structure on B described in [T7] . 

Example 5. If E, y is a disc with two marked points and C C G is a coisotropic 
subgroup which we embed as a subgroup of the second factor of G x G, then 
My,.v(G) /C = G/G is a quasi-Poisson G-manifold, with it — 0. 

Since, according to Theorem [4j the holonomies along the boundary arcs define 
a moment map ^ : Msy{G) — > G^, we can apply the moment map reduction 
(Theorem [lb| to get Poisson submanifolds of Ms,y(G, {G^)yev) = M^y{G)/G^ 



Let us give a geometric description of these Poisson submanifolds, by constructing 
M, p, and G, as in Section [s] 

Recall that a : V V is the permutation obtained by walking along i9E against 
the orientation induced from E, and that a„ is the boundary arc from v to cr{v). 

Let us first describe the group G. Let — ann(c„); it is an ideal in c„. Let 
G^ C Gv denote the corresponding (connected) Lie groupj^ Let 

Cv = {(31,52) eGyX G„; g^^g2 £ G^} c G x G. 

Then 

C = YlCy cG^ X G^. 

Let us give a geometrical description for the manifold M (see Eq. ^) and of the 
map fi : M —i' G^ in the case of M = M^y(G). First, let E be the surface obtained 
from E by blowing up at each point u e V^, as in Fig. [5] We let denote the 
exceptional divisor obtained by blowing up at v. With a slight abuse of notation, 
we label the initial and end points of the segment Wy by v and w, respectively. We 

^If s S 5^9 is nondegenerate and if every component of 9E contains a marked point then these 
submanifolds are in fact the symplectic leaves. 

^If G is simple, so that Cv is parabolic, then C Cv is the nilpotent radical 



MODULI SPACES FOR QUILTED SURFACES AND POISSON STRUCTURES 



15 




Figure 5. S is obtained from E by blowing up at each point v g 
V. We denote the exceptional divisor (a segment on the boundary 
of E) by Wv, its initial point by v and its endpoint by v. Note 
that V = cr(u'), and the orientation of the arcs is opposite to the 
induced boundary orientation. 



let W denote the set of w„'s, and we let V and V denote the set of initial and end 
points of the Wy^s. Thus (S, F U T/) is a marked surface. 
Then 

M^ife M^ y^yiG); /K) e {yv e V)}. 

The group x G^^^ acts naturally on Mj. y^jy{G) (cf. Eq. ^) and the 

subgroup C preserves M C M^, yyy(G). Under this action, an element of C is 
identified with {gv,gv & Cy)y,=v such that gyg^)^ G Cy 



Suppose we now choose an element h — {hy)y^v & G^ . Recall from Eq. (14) 
that the action of C C G^^^ on G^ is by 

{g ■ h)y = g-^hyg-^. 
Let O C G^ denote the G-orbit containing h e G^ . Using Eq. ^ we get 
Ai-i(0)/G ^ ^i-\0)/C ^{f^ M- f{ay) = hy (Vw G V)}/ Stab(/i). 
Thus, we have proven 
Theorem 5. For any h — {hy)y(^v G G^ the space 

{/ e M^y^yiG); f{wy) e C^,f{ay) = hy V e V)}/Stahih), 

(where Stab(/i) is the stabilizer of h in C) is naturally isomorphic to a Poisson 
submanifold of My^_y{G)/G . 

Theorem [5] is particularly interesting in the case when h = 1 \s the unit. Since 
this constrains the holonomies along the paths Oy to be trivial, we can contract 
these paths to points. 






Wp \ J Wq 

P Q 

Figure 6. Blow up at the marked points, followed by contraction of a^'s 



Example 6. [[231 US [M]] Once again, let (g, a, b) be a Manin triple, let E, F be a 
square, and let us choose the subgroups Cy as in the picture, 
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B 
B 

where A,BcG are Lie groups integrating a and b. If we suppose AB = G and 
A n B = {1}, then the action of C on is free and transitive. We can thus set 
/i = 1, and get the constraint on the holonomies as in Fig. [7j 



B 



B 



02' 



Figure 7. Setting h — 1 is effectively the same as contracting 
the uncolored portions of the boundary in the first picture; this 
results in the second picture. We label the holonomies as in the 
third picture. 

In this case Stab(ft,) — 1 and M^y{G)/G is 

{(ai,&i,a2,52) e A X B X A X B] aibi = 6202}, 

where the holonomies are as pictured in Fig. [Tj We can identify the moduli space 
with G via 

g = aibi = 62a2- 

The resulting Poisson structure on G is the so-called Heisenberg double. In another 
terminology, M^y{G)/C is the Lu-Weinstein double symplectic groupoid (cf. [TTj). 
This moduli space was first studied in the work of the second author [53J |251 123] . 

Description in terms of flat connections. We now give an alternative descrip- 
tion of our Poisson submanifolds of M^y/G in terms of flat connections. 

Definition 4. Boundary data for a principal G-hundle P ^ Y, is P|as — > 9S 
together with a choice of a reduction Qy of P\a^ to Gy C G, and of a 

flat connection on the principal Gy/Gy -bundle Qy/Cy , for every v €V . 

We shall say that a flat connection on P — > S is compatible with a given choice 
of boundary data if the flat connection restricts to each Qy and if it gives rise to 
the pre-assigned flat connection on Qy/Cy. Notice that for any choice of a flat 
connection on P, any reduction of P to Gy over v (for all v ^V) can be extended 
in a unique way to define compatible boundary data (using parallel transport) . We 
can therefore equate Ms,y(G, (C„)„gv) with the moduli space of triples 

(P — > S, boundary data, a compatible flat connection). 

Theorem [5]. The subset of Mj^yiG, {Gy)y^v) corresponding to a given isomor- 
phism class of boundary data is a Poisson submanifold, provided both M^y(G)/G 
and the given subset are manifolds. 

To prove Theorem [sj] we can use a slightly different (but equivalent) description 
of M. Let us consider principal bundles P S with a flat connection and compat- 
ible boundary data, together with a trivialization of Qy — > Oy over the endpoints 
V and cr(w) of Oy, compatible with the flat connection on Qy/Cy — )■ Oy. Isomor- 
phism classes of such objects are the points of M. C acts on M by changing the 
trivializations. 
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7. Surfaces with domain walls 

Consider a finite family {I]d,Vd) indexed by a set, Dom. For eacli d E Dom 
choose a Lie group Gd and an element Sd G (S^Qd)'^'^- Then 

M = l[M^,y,{Gd) 

d 

is a quasi-Poisson G-manifold, where 

G^l[G^^. 

d 

Let us now construct a reducing subgroup of G in the following way. First, we 
split the set 

V = UdVd 

of all the marked points into (a disjoint union of) pairs and singletons. For every 
singleton u e Ki we choose a coisotropic subgroup 

Gv Q Gd- 

For every pair v € Vd, v' E Vd' we choose a subgroup 

Cy.v' ^ Gd X Gd' 

which is either coisotropic w.r.t. Sd + Sd' , in which case we shall call the pair v, v' 
anti- oriented, or coisotropic w.r.t. Sd — Srf', in which case we shall call the pair 
oriented. The product 

V {v.v') d 

is a reducing subgroup of G. Indeed, it is coisotropic after we change the sign of 
Sd' at every oriented pair of vertices {v,v') € Vd x Vd' , as in Remark [ij 



As a result (by Theorem l.A) 



M/G 

is a Poisson manifold (provided the quotient space is a manifold). 

Let us now construct M corresponding to M = Ms^y^{Gd), the action of C 
on M, and the map fi : M ^ G. Once again, we construct by blowing up 
at every v E Vd- We let C denote the preimage oi v E Vd and denote the 
boundary points of Wy by v and v (see Fig. [5|. Let us now sew with Wyi for 
every v, v' forming a pair; if the pair is oriented then the sewing is done so that the 
orientations of and E^' agree on both sides of the sewn edge (i.e. v is sewed to v' 
and v' to w), if the pair is anti-oriented, the sewing is done so that the orientation of 
Sd and Ed' disagree. Following Wehrheim and Woodword [2H1 we shall call the 
resulting surface E a quilted surface., and the images of the WyS in E the domain 
walls- 

To summarize, for every domain of the quilted surface we have a Lie group Gd\ 
for every domain wall we have a coisotropic subgroup. The set of domain walls will 
be denoted Wall; we shall orient every w G Wall in an arbitrary way. For every 
w G Wall let Cw be the corresponding C„ or G^y. 

We can now describe M in terms of the quilted surface. An element / G M is 
a collection of elements fd G Afj]^ v^uVd^^'^) ('^ ^ Dom), satisfying a condition for 
every domain wall: 

/(w)gC7^ (VwGWall). 

Here /(w) is the holonomy (if w is on the boundary of E) or the pair of holonomies 
(if w is inside E) along w. 
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Figure 8. A quilted surface with 2 domains and 4 domain walls 



The groups are defined as follows. For every singleton v Q Vd let 

c-^ = s 



5;ann(c„), 

for every anti-oriented pair w G V^, w' G Vd' let 



^ - (sd + Sd')" ann(c«^„/), 



c 



and for every oriented pair u G Vd,i;' G Vd' let 



c 



Then C Ci, and C^„/ C C^^v' are the corresponding normal subgroups. 
For every w G Wall let 

C'w = {(ffwjffw) G Cw C'w! .9w.9w S ^w} — X Cw. 

Then C* = Hw^w- Every Cw acts on M by acting at the endpoints of w, this 
defines the action of C on M. 
Finally, the map 

fi: M 

is the collection of holonomies along the arcs a^, v G V (i.e. along the boundary 
arcs of S which are not domain walls) . 
The isomorphism 

M/C ^ M/C 

can be seen via the embedding M ^ M given by the constraint /(w) = 1 for all 
w G Wall (effectively contracting every w to a point). We write 

(15) Ms--=M/C 
Theorem l.B and Eq. ([7]) now give the following result. 

Theorem 6. A. Let h G . If both the quotient space 

(16) N:={fe M; /(a„) = h,}/ Stab(h) 

and M/C are manifolds, then N is naturally isomorphic to a Poisson submanifold 
of M/C. 

The theorem is particularly interesting when /i = 1, as then we can contract the 
arcs ay . More generally we might want to only contract a subset of the arcs . For 
instance, suppose we want to contract those arcs with v G Vtriv ^ UdeDomVd. 
We can do this as follows: Let 

H = {he Y[ G]^"; hy = l for aU v G Vt„v}, 
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and 

H = {ge n gJ'''"'' ; 5. = 5^ for all v e Vt„v}. 

Then for any g G Hd and heH, 

(17) g-he H ^ g e H. 

Suppose K = C ■ H is a. submanifold of Hd ^ci''' transverse to /j,. Then Eq. (17) 
imphes 

ti-\K)/C ^ fi-\C ■H)/C'^ fj.-\H)/{Cr\H) 
is a Poisson submanifold of M/C. Thus we have shown: 

Theorem 6.B. The moduli space 

{/ e M; f{a,) = 1 for all v £ Vt„v}/iC H H) 
is naturally isomorphic to a submanifold of M/C. 
In the sequel, we will refer to 



.9w J .9w G G, 



9y — 9a(v) 



as the group of residual gauge transformations. Here ■— 9v when the domain 
wall w was obtained from the singleton v £V ^ and g^i ■= {gv,9v') when the domain 
wall w was obtained from the pair v, v' £ V. 

We leave the reformulation of Theorem [6] in terms of flat connections (in the 
spirit of Theorem [5||) to the reader. 

Quilted surfaces with residual marked points. In this section, we describe 
a slight generalization of the above theory which allows us to leave the marked 
points on certain boundary components of our domains {d e Dom) unreduced 
(or unsewn). The resulting moduli spaces are quasi- Poisson rather than Poisson. 
Suppose that we decompose the set B := UddT,d of all boundary components into 
two closed subsets B = B'"^'^ U B"^"^^ . Wc will leave those marked points y'^*' := 
V n B^'^'' in B^'^'^ unreduced (here V — UdVd). As in the previous section we split 
the complementary set V^^^ :— V C\ B^'^'^ of marked points into a disjoint union 
of pairs and singletons. For every singleton v G := Vd n V"^"^ we choose a 

coisotropic subgroup C„ C Gd and for every pair v G V^'^'" , v' G V^,^"^ we choose 
a subgroup Cy,y' C Gd x Gd' which is coisotropic with respect to Sd ± Sd'. The 
product 

C = Cy X Cy^yl 

V {v.v') 

is a reducing subgroup of G := gJ'' 



With H Ud^d"^^^"' Theorem l.C implies that whenever the G-orbits of 



Af = J]Ms„y,(Gd) 

d 

form a regular foliation, then 

M/C 

is a quasi-Poisson i?-manifold. As before, we construct T,d by blowing up at 
every v G V^'^'^ , we let Wy C Sd denote the preimage of v and we let v and v denote 
the boundary points of Wy . We form the quilted surface E by sewing Wy and Wy' for 
every pair v, v' (orienting them appropriately, as explained in the previous section). 
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As in the previous section, we let M denote the subset of elements 

d 

which satisfy the additional condition that 

/(w) e Ci, (Vw e Wall), 

where Wall denotes the set of domain walls (the images of the Wy's in E). 
The same considerations as in the previous section yield the following result: 

Theorem 6.C. The moduli space 

{/ e M; /(a„) = 1 for all v e 1^"'="'}/ Stab(l) 

is naturally isomorphic to a quasi-Poisson submanifold of MjC , where 

Stab(l) = {c e (7; c - 1 = 1}. 

As before, constraining the holononiy along the arc to equal 1 is equivalent 
to contracting that arc. 

8. Spin networks 

In this section, we reinterpret the quasi-Poisson structure on marked surfaces as 
well as the Poisson structure on quilted surfaces in terms of spin networks. 

Remark 7. Spin networks were first introduced by Penrose [H] (see also [B]). 
Poisson brackets of spin networks were studied by Roche and Szenes , following 
work by Goldman [T31[Ilj, Andersen, Mattes and Reshetikhin J3]. 

8.1. Spin networks on a marked surface. Let (E, y) denote a marked surface, 
as in Section m 

Definition 5. A graph diagram in (E, consists of the following data: 

• a directed graph, F with edges E-p and vertices Vr, 

• a subset of vertices V^"''^^ Q Vt, called 'anchor points', and 

• a smooth map t : F — > E such that 

Often we will abuse notation and denote the graph diagram simply by F. 

A morphism between graph diagrams t : F — > E and l' : V Y, is a map 
/i : F — F' such that i — i' o pi and /i(T^r) C Vp/ . 

A homotopy between graph diagrams lq : T ^ Y, and ii : F — > E is one parameter 
family of graph diagrams tf : F — >■ E, i G [0, 1] . 

Suppose F is a graph diagram in (E, V"). The Lie group G^"" acts on G^^ by 

where g € G'^^ , g' G G^^^ ^nd e e Ep. We define 

Ar{G) ■.= C°°{G^^f''^"\ 

where Fp™* = Vp \ V^'"'''. Note that there is a residual action of G^r on Ar{G). 
For any v e T/j?"^'', we let py : G x AriG) -4p(G) denote the action of the 
^'''-factor. 

Remark 8. Since F is a graph, G^^ = Hom (ni(F, Vp), G). Therefore 
^P(G) = G°° Hom(ni(F,yp),G) 
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By functoriality, a morphism /i : F — > F' of graph diagrams defines a morphism 
/i' :Hom(ni(F',FrO,G) ^Hom {UAr,Vr),G), 
which is equivariant with respect to the map 

defined by n'{g)v = 9tj,{v), for any g e G^^' . Since iiy maps the normal subgroup 
G^r' into G^r , pull-back along /i' defines an equivariant morphism of algebras 
/i* : Ar — > At'- We may summarize this as: 

Lemma 3. The assignment (t : F E) i-> is a functor from graph diagrams 
to algebras endowed with an action of G^ , where g £ G^ acts via 

9-f^{ n Pv{9i{v)))f- 

Definition 6. A spin network in (S, V) is a pair (F, /), where F ^ E is a graph 
diagram, and f G Ar (G) . 

We say that spin networks (Fo,/o) and (Fi,/i) are homotopic if the underlying 
graph diagrams are homotopic and /o = /i S Atq = Ari (to identify the algebras, 
we use the fact that the definition of Ar only depends on the underlying graph, and 
not the map F — S j. 

A morphism of spin networks /i : (F, /) — >■ (F',/') is a morphism of graph 
diagrams /i : F — >■ F' such that f = fi^,f. 

We consider two spin networks to be equivalent if they are related by a chain 
of homotopies and morphisms (or the formal inverses of morphisms). For a spin 
network (F,/), we let [F,/] denote the corresponding equivalence class. Define 
SpinNetj-g y)(G) to be the set of equivalence classes of spin networks. 

Lemma 4. SpinNet^j^ \/)(G) is a G^ -algebra where scalar multiplication, addition, 
and multiplication are defined as 

(18a) A.[F,/] = [F,A/] 

(18b) [F,/] + [F',/'] = [FUF',/e/'] 

(18c) [F,/].[F',/'] = [FUF',/®/'] 

Lemma |4] will follow from Proposition [2j 

8.2. Spin networks and functions on the moduli space. Suppose (F, /) is a 
spin network in (S, V). Then the we may push / along the map i : F — > E to define 
a function ev(F, /) on the moduli space Mj^ yiG), as we shall now describe. 
For a finite set of points X = {xi} e E \ we let 

Afe,Kx(G) := Hom (ni(E, VUX),G) 

Notice that 

Ms,y(G)=A/s,y,x(G)/G^. 

The map 

L : (F, Vr) ^ (E, 1/ U Fj?"*) 
yields a G^ x G^r'"' -equivariant map 

(19) L- : Ms,y^y-'(G) ^Hom(ni(F,l/r),G). 

Therefore, the function 

ev(F,/) ■.^i'*f&C^{M^^yy...{G)) 
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is G^r -invariant. Hence it descends to define a function on the moduli space 
Moreover, the map 

ev{r,-) ■■ Ar{G) ^ C°^{M^,v{G)) 

is G^-equivariant. 

Notice that ev(ro, /o) = ev(ri, /i) whenever (Fq, /q) and (Fi, /i) are homotopic. 
Moreover, if 

is a morphism of graph diagrams, then following diagram of equivariant morphisms 
commute 

Ms,y,y..t(G) 



Hom (Hi (F', Vr' ) , G) ^ Hom (Hi (F, ) , G) 

Therefore, = /-''* o ^*(/) for any / e y^r, i-e. ev(F',^*/) = ev(F, /). So ev 

descends to a map on the set of equivalence classes of spin networks, SpinNctj^ vi^)- 

Proposition 2. The map 

ev : SpinNcts v-lG) -> G°° (Ms,i/(G)) 
is an isomorphism of -algebras. 

Proof. With only a slight modification, the statement follows from the proofs of 
the corresponding statements for (unmarked) surfaces in [6l [22] , but we outline it 
here for completeness. 

Let SpinNetj^ y (G) be the set of all spin networks in (S, F) (i.e. we do not 



identify equivalent spin networks). We may define the operations in Eqs. 18 directly 



on SpinNetj] y(G) (we do not claim that they satisfy the axioms of an algebra on 



this set). Since (F, /) — ev(F, /) is induced by the map of spaces ( 19 1, it follows that 
ev intertwines the operations of scalar multiplication, addition, and multiplication. 

Next we show that ev : SpinNet2_y(G) — ^ C°° [Mj:y{G)) is surjective. Let 
Lskei ■ Lsfeei — > S bc an embedded graph diagram with a single anchor point at every 
marked point, for which there exists a deformation retract r : E — )■ iskeiiXskei)- 



Then Eq. (19), 



Hom (Hi(I], V U V^"*), G) ^ Hom (Hi(F, Vp), G) 

is a diffeomorphism. It follows that ev : Ar^^ei ~^ G°° (^M^_viG)) is an isomor- 
phism. 

It remains to show that that ev(F, /) = ev(F', /') only if the two spin networks 
are equivalent. We may assume that there exist maps /i : F — >■ Tskei (just compose 
the map F E with the retract E — > Fs/^ej) and likewise /i' : F' — > Tg^^i. Since 
ev : ylr,fc„ ^ G°° (Afs,v(G)) is an isomorphism, ev(F, /) = ev(F',/') only if 
fi*f — M*/'; i-e- (r, /) and (F',/') are equivalent. □ 

8.3. The quasi-Poisson bracket on SpinNet^ y(G). Suppose that t : F — > E 
and t' : F' — E are graph diagrams such that the maps l and l' are transverse to 
each otherQ Let (F F')""'^'' = {V^"''^) Xs {V^/"''') and 

(F xs F')™* = (F xs F') \ (F Xe F')"'"''. 



^That is, the restriction of t and t' to any two edges are transverse, and (.(Vp"*) fl t'(V'p"*) 
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(a) The edge e G -Er and e' £ E^' inter- (b) After subdividing the edges e and e' 
sect at A. at A and then the newly created vertices, 

the newly created edges are labelled as 

depicted. 

Figure 9 

Given A € (F r')™*, let e € and e' G E^' be the two edges intersecting at 
A. Let r r' be the graph obtained from F U F' by subdividing the edges e and 
e' at A and then merging the newly created vertices. It is clear that 

t U t' : F Ua F' ^ S 

is a graph diagram. We let ca and denote the newly created edges running from 
out(e) and out(e') (respectively) to A and ca and denote the newly created 
edges running from A to in(e) and in(e') (respectively), as depicted in Fig. [o] Note 
that the orientations of the new edges are inherited from the orientations of the 
original edge. 

We define the map 

by 

{{Lg.^Rg^J*^ ifeo = e, 
i^a,' ^9e' if eo = e', 

A A 
(7e^ otherwise. 

Where Lg,Rg : G — > G denote Left, Right multiplication by g e G, and we 
have identified g with the tangent space at the identity. The map g is G^c^^^r')- 
equivariant, where the action is defined on g x g by 

5-(C,?7):=(Adg^e,Ad<,^r/), .g e G^c^-^r') , ^,t^ ^ q. 

The universal property of the tensor product implies that g extends to a map 

g:{Q®Q)x G^(r^Ar') ^ T(G^r) ® r(G^r') c (^^^(G^irur')) 

We define 

g{s,-) : G^t^^Ar') ^ (g)2T(G^(rur')). 
Since s is G invariant, it follows that 4's is G^'^^^rO-equivariant. Therefore 

(/ ® /' ^ *:(d/ ® df )) : ^r(G') ® ^r'(G) ^ Aru.r')(G) 
is a G^r X G^r' -equivariant linear map. 
Proposition 3. Let SpinNet^ v'(G) he endowed with the bracket 

(20) {[r,/],[F',/']} sign(A)[FUAF',^':(d/0d/')] 

Ae(rxsr')'"* 

+ ^sign(A)[FUF',(d/®d/')((p.®p„Os)], 
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where sign(-) — ±1 is computed as pictured in Fig.^ and T and V are assumed to 
be transverse graph diagrams. Then 

(21) ^(dev(r,/),dev(r',/')) =ev{[r,/],[r',/']}. 

Proof. Suppose first that V^"* = = V^?'*. Then AriG) = C°^{G'^^), and 
dev(r,/) =n.eiJr^^<d/. Thus 

(22) clev(r,/) = ((ihoij:d/)(hoi:0^) 

where {Lg)e, {Rg)e ■ G^^ — > G^^ denotes the left, right multiplication by g E G 
on the e £ i?r-th factor of G^^ . Substituting Eq. ( 22 1 (and the corresponding 



expression for dev(r',/')) into Eq. (12) results in the equality 
7r(dev(r,/),dev(r',/')) 



I ((Lhoij:d/)®((Lhoi,,):,d/')(Adi,oi(^^^,, ®i)s 



pression using the equalities hole = holg^ holg^ and hole' = holg^ ^o^e^ ; yields 
Y ^A(v4)sign(^)(d/®d/') 

AGene',eG-Er,e'e-Br' 

{{{Lhoh^)e{Rhol^^)e ® (-^hol-^ )e' (-Rhol^^ )e') • 

If A e 9S, then X{A) = 1, and 

{Lhoh. )e(^hoU . )e — Pv, (^hoK, )e(^hoL , )e — Pv' , 

^ ^ A A 

where A = {v,v') e (T r')'"''=''. On the other hand, if A ^ dY., then X{A) = 2, 
and 

(d/®d/')(((ihol,^)e(i?hole^)e® (ihoV )e'(i?hoV ) e' ) = (d/ ® d/') . 



Therefore Eq. (21 1 holds in this case. 






Figure 10. For each vertex v, we delete a small open disk, D^, 
from S such that its boundary dDy intersects the graph precisely 
at V. 

Suppose now that T and F' are arbitrary graph diagrams (which are transverse 
to each other). Let S'^ be the marked surface obtained from S as follows: for each 
V e y/"* U V^V* delete a small open disk C S \ F U F' such that 

dDy n (F U F') = V. 

Let S*^ be the marked surface obtained by S'' by adding a marked point at v (cf. 
Fig.irol). 
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If we view (F, /) and {V , /') as spin networks in E'-^, all their vertices are anchor 
points. Therefore Eq. (20 1 holds for these spin networks in E*^. Finally, applying 
Corollary [T] to the embeddings 

and 

(E", V) (E"^, V U Fi?"* U Vi^r*) 



shows that Eq. (20 1 holds for these spin networks in E. □ 
8.4. Spin networks on quilted surfaces. Let E be a quilted surface. 

Definition 7. A graph diagram in E consists of the following data: 

• a directed graph, F with edges Er and vertices Vr, 

• a subset of vertices Yf'^'^^ C Vr, called 'anchor points', and 



a smooth map t : F — > E such that 



i 



Often we will abuse notation and denote the graph diagram simply by F. 

A morphism between graph diagrams t : F E and t' : F' — )• E is a map 
: F — >■ F' such that l — l' o fj, and fJ-{Vr) Q Vt' ■ 

A homotopy between graph diagrams to : F — > E and ii : F — > E is one parameter 
family of graph diagrams tt : F — >■ E, i G [0, 1] . 

Suppose /, : F — > E is a graph diagram. We denote by Z the natural map 
yanch _^ ^^f^n Let F^ = /-"H^d), then F^ ^- E^ is a graph diagram in the marked 
surface (Ed,Vd), (here we have composed with the blow down map E^ — >■ E^). 
Define 



d 



where 



with Vp™* := Vr, \ V^'^"^. Notice that 

(23) A':r^s) = (®deDom-4r,(Gd))'^""'. 

To simplify notation, we will often abbreviate A(i,;t^y.) to At- 

As in the case of spin networks in marked surfaces, we the following lemma. 

Lemma 5. The following two facts hold: 

• The algebras Af^LQ-.T^Y.) o'f^ -4(,^:r->s) are canonically identified for homo- 
topic graph diagrams to : F — > E and li : F E. 

• The assignment (t : F — > E) i— > A(i,--r^s) is a functor from graph diagrams 
to algebras. 

Definition 8. A spin network in E is a pair (F,/), where T T, is a graph 
diagram, and f e At ■ 

We say that spin networks (Fo,/o) and (Fi,/i) are homotopic if the underlying 
graph diagrams are homotopic and /o = /i G At„ = At^ ■ 

A morphism of spin networks /i : (F, /) (F',/') is a morphism of graph 
diagrams /i : F — >■ F' such that f = fi*f. 
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Let 

denote the moduli space for the quilted surface, S. Then 

dGDom 

Since the map 

ev : i)deiiomArAGd) ^ «)deDomC°° (Ms^^y^Gd)) 
ridGDom G^'^-equivariant it restricts to a map of algebras 

As before, we consider two spin networks to be equivalent if they are related by 
a chain of homotopies and morphisms, and we define SpinNetj; to be the set of 
equivalence classes of spin networks in the quilted surface, S. The same arguments 
as in Section 8^ shows that ev descends to a map of equivalence classes: 

ev : SpinNets ~>C°°{M^). 

Moreover, the analogues of Lemma [4j Proposition [2] and Proposition [3] hold for 
SpinNetj] . 

To be precise, suppose that t : F — S and t' : F' — >■ S are two graph diagrams 
which are transverse. That is, t{Vr) D t'(Vr') = and the restrictions of l and l' 
to the edges are transverse. Suppose A e F F' and let dA G Dom denote the 
domain such that A S . We define the graph diagram l Ua t' : F F' — > S as 
in Section 8.3 and we define 

VP: n G^--"'^ -> n 

f/GDom dGDom 

to be the sum of ^fsd^ on the d^-th factor with the zero sections on the other 
factors. 

Theorem 7. The map 

ev : SpinNets ^ G°°(Xe) 

is an isomorphism of Poisson algebras, where scalar multiplication, addition, and 
multiplication are defined on SpinNet^ by Eqs. 18, and the Poisson bracket is de- 
fined by 

(24) {[F,/],[F', /']}:= sign(A)[FU^F',vI/*(d/®d/')], 

AerxsL' 

where F and F' are assumed to be transverse graph diagrams. 

Proof. The proof that ev : SpinNet^ C°°{M^) is an isomorphism of algebras is 
entirely analogous to that of Proposition [2j and so we omit it. 

As explained in Section |8.3[ is equivariant with respect to the action of 

ndeDomCr'''^'''^ In particular, vl/*(d/® df) G ^(ru^.r')- 

Equation ( 23 ) identifies SpinNet^ with the subalgebra of G-invariant elements 

of 



SpinNets,.v,(Grf). 
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Moreover, the following diagram commutes: 



SpinNetj; 



deDomSpinNets,^y,(G,) C^°°(ndeDom^^s..y.(G,)) 



Hence Theorem l.A and Propositionjsjimply that Eq. (20 1 defines a Poisson bracket 
on SpinNet^ for which ev is a morphism of Poisson algebras. Explicitly, this bracket 
is 



{[r,/],[r',/']} := J2 ( E sign(A)[ru^r',vi/*(d/®d/') 

dGDom ^Ae(rxi;r')j,"* 

1 



E 



■ sign(A) [F U F', (d/ ® d/') ((pp ® pp,)sd)] 



>i=(p,p')e(rdX2^r^)""-" 



The first term simplifies to yield Eq. (24), so we need only show that the second 
term vanishes. 



F' F F F' 



p w 



p w 




p w p 



p w p 



(a) Sign(p, d) = ±1 depends on the direc- (b) Sign(p, p', w, d) = ±1 depends on the 
tion of the edge in F leaving p. order of p and p' , where we give w C (JE^ 

the boundary orientation. 



F' 



F' 





(c) The blow down map Ed — >■ E^ contracts 
w to a point. Thus the blow down equates 
e(p,p',w,d) with sign(j4), where the latter 
is computed as in Fig. |4] 

Figure ff 



In terms of graph diagrams in the quilted surface, E, the second term can be 
rewritten as 

^ E E E eb,p',w,d)[FUF',(d/®d/')((Pp®Pp')srf)] 

weWall p6wnr,p'6wnr' [i6Dom(w) 

where 

Dom(w) = {d E Dom; w C 9Ed}- 
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Both 

w, d) = sign(p, d) sign(p', d) sign(p,p', w, d), 

and sign(p, 0?) — ±1 and sign(p,p', w, d) = ±1 are computed as in Fig. 11 Note 
that e(p,p',w,(i) = sign(^), where the left hand side is computed in the blow up, 
Ed, and the right hand side is computed for A = (p,p') in the blow down, S^. 
Now both / and /' are Cw-invariant, that is 

(iGDom(w) dtEDom(w) 

Since was chosen to be coisotropic, X]ciGDom(w) ^{PtP' t'^j 'i)^d vanishes on c;^;;. 
This completes the proof. □ 

Suppose S and S' are two quilted surfaces. A map S — )• E' is called an embedding 
of quilted surfaces if 

• it is an embedding of surfaces E — )■ S', 

• it maps each domain, E^, of S into a domain, E^, , of E' which is colored 
with the same structure group (i.e. Gd = Gd'), and 

• it maps each domain wall, w, of E into a domain wall, w', of E' which is 
colored with the same coisotropic relation (i.e. C^equivCv/')- 

Corollary 3. An embedding of quilted surfaces E — > E' induces a Poisson mor- 
phism 

My,' Mj: 

of the corresponding moduli spaces. 

Proof. This follows directly from the functoriality of the assignment E — >■ SpinNetj^ 
of the Poisson algebra of spin networks to quilted surfaces and Theorem [Tj 

Alternatively, it follows from Corollary [T] and the definition of the Poisson struc- 
ture on A^s given in Eq. ([Ts]). □ 

9. Colorful examples 

Example 7 (Poisson Lie groups). Suppose that (g,a, b) is a Manin triple and 
consider the quilted surface E pictured below 




B 



where A, B C G are Lie groups integrating a and b such that AOB = 1. Constrain- 
ing the holonomies along the uncolored boundary arcs marked by 1 to be trivial is 
effectively the same as contracting those arcs to points, which results in the first 
image below. 

B hi 




B b2 
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Following Theorem |6.B| the moduli space is 

{(61, 5,62, a) gBxGxSxA; foaff^i = a}/(i? n C), 

where the holonomies are as pictured above. Since ADB = 1, the group {HOC) ^ 
B X B oi residual gauge transformations acts non-trivially only at the right two 
vertices by 

{b,b') ■ {bi,g,b2,a) = {bbi,b' gb^^ ,b2b'^^ ,a). 

Thus the moduli space is identified with A. The Poisson structure on A is the 
Poisson Lie structure. This example should be compared with Example |4j 
Consider the embedding of quilted surfaces pictured below: 



As explained above, the moduli space corresponding to the quilted surfaces depicted 
on the left and right is the Poisson Lie group, A. Meanwhile, as explained in 
Example |6j the moduli space for the quilted surface depicted in the middle is the 
symplectic groupoid 

{(01,61,02,62) e A X B X A X B; aibi = 6202}, 

integrating the Poisson Lie structure on A. The embedding of quilted surfaces 
induces the map 

tx s : (ai, 61, 02, 62) (02, ai). 
The first component of the map is the Lie groupoid target map, while the second 
component is the Lie groupoid source map. Corollary [3] shows that this map is a 
Poisson morphism. 

Example 8 (Double Poisson Lie group). Suppose once again that (g, a, b) is a 
Manin triple, and that A, B C G are Lie groups integrating a and b such that 
An B = 1. Then, G is a Poisson Lie group (cf. [10], see also [T^, for example), 
we may describe this Poisson structure in terms of a moduli space as follows: Let 
E be the quilted surface pictured below left, 




Contracting the uncolored boundary arcs marked by 1 results in the image on the 
right. Since An B = 1, the group {H n G) of residual gauge transformations is 



trivial (cf. Theorem 6.B). Consequently, computing the holonomy along the dotted 
arc pictured in the second image, we may identify the moduli space with G. The 
resulting Poisson structure on G is Drinfel'd's Double Poisson Lie structure. 
Applying Corollary [3] to the following embedding of quilted surfaces 




yields the morphism of Poisson Lie groups A ^ G. 
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Example 9 (Symplectic double groupoid integrating Drinfel'd's double [53121]). 
Suppose once again that (g, o, b) is a Manin triple, and that A,B C G are Lie groups 
integrating o and b such that the product map Ax B G is a, difFeomorphism. We 
may identify the symplectic double groupoid integrating the Poisson Lie structure 
on G (described in the previous example) with a moduli space, as follows: Let E 
be the quilted surface pictured below, where we have already contracted all the 
uncolored boundary arcs. 



B 





ai 

The holonomies along the arcs pictured above identify the moduli space with 
{(ai, 61,02,62, 5) eAxBxAxBxG; gaibi = 02625}, 

where once again, the group of residual gauge transformations is trivial. 
Applying Corollary [3] to the following embedding of quilted surfaces 



0^00^0 



yields the Poisson morphism 

tx s : (01,61,02,62,5) {gMgbi^) 

whose components are the target/source map (respectively) onto G endowed with 
the Poisson Lie structure described in Example [8] 
This moduli space was first studied in |231 [H] • 

Example 10 (Lu-Yakimov Poisson Homogeneous spaces). Suppose once again that 
(g,a, b) is a Manin triple, and that A,BcG are Lie groups integrating a and b 
such that An B — 1. Let C C G be a closed subgroup whose Lie subalgebra c C g 
is coisotropic. Lu and Yakimov [T5] describe a Poisson structure on G/G, which 
we may identify with the moduli space for the following quilted surface: 




Computing the holonomy along the dotted arc yields an element g G G, but the 
group G of residual gauge transformations acts by right multiplication on this 
element. Thus, following Theorem 6.B the moduli space G/G carries a Poisson 
structure. 
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The symplectic groupoid integrating the Poisson structure on G/C is the moduli 
space corresponding to the quilted surface pictured below: 

B b 





The holonomies along the arcs pictured above identify the moduli space with 

{{a,b,c,g) e A X B X C-^ X G; abg = gc}/C 
where c' G C acts by 

c' • {a,b,c,g) = {a,b,c'cc'^^,gc'^^). 
Applying Corollary [3] to the embedding of quilted surfaces pictured below 

o-oo-o 



yields the following source and target maps onto G/C: 

tx s : {a,b,c,g) {g,bg). 

Example 11 (Fission spaces [7]). Suppose that s £ S'^{q)^ is non-degenerate, 
= u+ © f) © u_ as a vector space (but not as a Lie algebra), where p± := f) ffi u± C 
are coisotropic subalgebras satisfying p^: = u±. Suppose further that the Lie 
subalgebras u±,p±,f) all integrate to closed subgroups U±,P±,H C G such that 
H = P+ n P- . The metric on descends to a non-degenerate invariant metric on 
f) C 0, and 

(25) C±::={{c,c)eHxG] cc-^ eU±} 

is a coisotropic subgroup oi H x G. 

Consider the quilted surface pictured in Fig. |12[ Computing holonomies along 
the dashed lines yields 



{(/i,/io,...,/i2r-i;Co,Ci,...,C2.) e X 

; /i^i+iC2i+iG2i^/i2t e U+ and h^i^C2iC2i^_^h2i-i G U-,}. 

Meanwhile, since P^ n P_ — G, the group of residual gauge transformations is 
ria: X ^-ctiiig at the appropriate points on the quilted surface. Thus, up to 
a gauge transformation, we may assume that Hq ~ hi ^ ■ ■ ■ ~ /i2r-i = 1- Setting 



Si GiC; 



-1' 



we see that that the moduli space can be identified with 



{{h; S2r, . . . , 5i; Go) e i/ X ([/_ X U+Y x G}. 



Theorem 6.C implies that is a quasi-Poisson Gx H manifold, where g £ G 



and k £ H act at the marked points vg and vh, respectively: 
{g,k) ■ {h\S2r 



, Si;Cct) = {khk ^,kS2rk ^,...,kSik ^,kCog 
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Figure 12. On the surface pictured above, the structure group 
in the yellow domain is G while the structure group in the blue 
domain is H . Along the boundary of the two domains, blue edges 
are colored with (7+ while the red edges are colored with C_ . The 
dotted segment of the boundary between the two annuli is meant 
to indicate an alternating sequence of blue and red edges. Cutting 
along the vertical dotted line in the first picture yields the second 
picture. Acting by H at the points xi, . . . , X2r allows us to set the 
holonomies ho, ... , /i2r-i to the identity. 



The holonomy along the boundary components, 

{h; S2r, ■ ■ ■ , Si] Co) — > (Cq ^hS2r • ■ ■ S'lCo, h ^), 

defines a moment map on g^h- 

This quasi-Hamiltonian G x i/-space was first discovered by Boalch [II [H |9] , who 
used it to study meromorphic connections on Riemann surfaces. 
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